holds in some right-hand neighborhood of XQ. Tchaplygin 1 has proved that the inequality (1.4) holds when x 0 <x^Xi provided that there exists a solution X(x) of the Riccati equation
which is continuous when x^<x<Xi. Let X(xo) be the least upper bound of values Xi for which the Riccati equation admits a continuous solution when #o<x<Xi. Then the inequality (1.4) holds when Xo<x^X(xo), and Petrov [2] has shown that if pi and pi are constants no better result is true. That is, if p\ and pi are constants and X(xo) is finite, then there exists a function v(x) satisfying (1.3) and (1.2) for which v(x) =y(x) at a point arbitrarily close to but greater than X(xo). It is the purpose of this paper to show that this last result is true without the restriction that pi and pi are constants. We prefer to state our results in terms of and make our proofs depend Presented to the Society, November 2,1946 ; received by the editors September 16, 1946. 1 The author knows this result only by virtue of a reference to it contained in the paper of Petrov [2] , and there it is not made clear whether or not Tchaplygin took the interval from xo to Xi to be open, as we have written it, or closed or half-open. It follows, however, from the results obtained in §2 that this statement is true for the open interval and hence is a fortiori true for the closed and half-open intervals. Numbers in brackets refer to the bibliography at the end of the paper.
upon properties of solutions of the homogeneous linear differential equation
rather than solutions of the Riccati equation (1.5). Apart from the trivial advantage that we do not need to assume that pi(x) is differen tiable, it is possible to give simpler and more natural proofs using (1.6) than (1.5).
2. The main theorem. We are going to prove the following theorem. 
Let us define z(x) =v(x) -y{x).
Then
If u(x) is a solution of (1.6) and one defines the Wronskian of u(x) and z{x) to be
then it is easy to see that
whence we have that
(s)<t>(s)P(x, s)ds, where P(x, s) is defined as (2.4) P(x, s) = exp I pi(t)dt.
Suppose now that z(x) vanishes at some point to the right of Xo, and that #* is the first such point. Then when x = x*, equation ( 
u(s)<t>(s)P(x2, s)ds.
To complete the proof of the theorem it is sufficient to show that for each X2 subject to the restrictions already imposed on it a positive function (j>(s> x 2 ) can be found such that To round out the results of this paper we shall now show that the number X(x 0 ) defined in the theorem coincides with the number X(xo) defined in the introduction by means of the Riccati equation (1.5 Therefore, X(x 0 ) =X 1 (x 0 ).
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